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simplified model the obstacles are arranged in a square lattice 23 of identical circles (see Figs. 1 and 2) so at high crowding 24 the separations between the obstacles become funnel-shaped 25 narrow straits. The effective diffusion coefficient is inversely 26 proportional to the mean passage time through the straits, 27 which is the narrow escape time (NET). The computation 1 28 of the mean passage time through the straits is a variant 29 of the NET problem, previously considered in Refs. [1] [2] [3] [4] [5] [6] [7] [8] .
30
The new element in this computation is the geometry of 31 the funnel-shaped narrow straits. This geometrical feature 32 changes the dependence of the NET on the size of the opening 33 relative to all cases considered previously. A numerical study 34 of related problems was undertaken in Ref. [9] for the same 35 planar geometry. As the straits become narrower the time scale 36 of effective diffusion grows indefinitely and the numerical 37 exploration of the parameter space becomes harder. A similar 38 effect was observed in Ref. [10] , where a numerical study of coefficient in an array of spheres was considered in Ref. [11] , 43 where the NET through a circular window was used instead 
55

II. FORMULATION AND MAIN RESULTS
56
The random motion of receptors on the surface of a neuron 57 is usually restricted by many impenetrable obstacles. These 58 often consist of noninteracting molecules, or fences, that are 59 assemblies of several molecules, or corrals, that are collections 60 of fences with small holes; microtubules and the cytoskeleton 61 network can also form obstacles. The effect of obstacles on the 62 diffusion coefficient has been studied in the biological context 63 for the past two decades [12] [13] [14] [15] [16] [17] [18] [19] and more recently it was 64 demonstrated, using single-particle imaging [20] [21] [22] [23] , that the 65 effective diffusion coefficient can span a large spectrum of 66 values from 0.001 to 0.2 μm 2 /s [23] .
67
We consider, for definiteness, a Brownian particle with 68 diffusion coefficient D in a planar domain with a narrow 69 neck [ Fig. 3(a) ] such that the opening for the passage of the 70 particle is much smaller than the radius of curvature at the 71 narrow neck and of the radius of the confining domain between 72 the obstacles. The local geometry of the narrow passage can be 73 described as the opening created from a cusp formed by two 74 tangent circles that are moved slightly apart. The boundary 75 of the domain , away from the cusp, whose diameter is 76 assumed to be much larger than the width ε = AB of the neck, 77 can be assumed, without loss of generality as shown below, to 78 be enclosed by an arc of a circle of radius R = O (1) ε and 79 two circular arcs of radius 1 in dimensionless units [ Fig. 3(a) ]. 80 Our purpose is to calculate the mean first passage time (MFPT) 81 from any point in , away from the immediate neighborhood 82 of the funnel, to the segment AB.
83
The first new result of this paper is a new asymptotic 84 approximation of the MFPT, given by
The second result is the uniform expansion (13) of the NET 86 from one lattice square with reflecting circles centered at the 87 corners. u(x,y) =τ (x,y) is the solution of the boundary value problem 96 [24] 97
We put the origin of the complex plane z = x + iy in the center 98 of the right upper circle and map the domain in Fig. 3 (a) 99 conformally by setting
where
The image of in the w lane is 101 the domain w = w( ) in Fig. 3(b) . The straits in Fig. 3(a) are 102 mapped onto the semiring enclosed between the red circular 103 arcs and the large disk is mapped onto the small red disk. 104 The radius of the small red disk and the elevation of its center 105 above the real axis are O( √ ε). The segment AB (of length ε) 106 is mapped onto the thick black segment AB in the w plane [of 107
The MFPT from to the segment AB equals that from the the leading-order approximation
After evaluating asymptotically each integral, we get
where 
and integration of (1) over w gives
Now (7) and (8) imply that 4C = | | so the NETτ to AB from 125 (x,y) ∈ , outside the straits, is to leading order independent 126 of (x,y) and is given by
The graphs of the solution v(e iθ ) of (4) for ε = inverse image of this part of the ring and occupies small part 131 of the straits leading to the absorbing boundary at AB. In 132 dimensional variables, the NET (9) is given by
where R is the radius of curvature at the cusp.
134
IV. NET FROM A LATTICE SQUARE BOUNDED BY
135
OBSTACLES
136
Next, we consider the NET from a square of side L with 137 reflecting circles of radius a centered at the corners [ Fig. 1(a) ] 138 over the entire range of possible straits. First, we note that 139 if there are n well-separated identical escape routes through 140 narrow straits, then, according to Refs. [7, 25] , the NET is 141 independent of (x,y) to leading order and can be approximated 142 by
144 whereτ is the MFPT to a single escape window in a neck with 145 the other windows closed (reflecting instead of absorbing).
146
For small a L, the NET is independent of a, though 147 dependent on (x,y), so the circles can be ignored to leading 148 order [Eq. (14)], but it increases with a. When the width of the 149 straits L − 2a is about 2a, that is, when a ≈ L/4, the opening 150 between the circles can be considered small, so according to 151 Refs. [7, 25] and (11) it can be approximated by
because there are four well-separated straits for escape. 153 For L − 2a a/2 (i.e., for ε 1), the analysis of the 154 previous paragraph applies and we have (11) . Thus a uniform 155 approximation to the NET from the center can be obtained by 156 patching the three regimes numerically, which gives
The MFPT c 1 from the center to the 158 boundary of an unrestricted square is the value of the solution 159 of (1), given by that the waiting time in the cell is exponentially distributed [24] 187 with rate
whereτ is given in Eq. (13). This is due to the fact that a
189
Brownian trajectory at the center of the straits is equally likely step size L is given by [26] 196
Next, we apply the above results to the estimation of model of crowding, the circular obstacles are as in Fig. 2(a) .
203
We simulated Brownian trajectories and recorded the escape we find that D a /D 0 ≈ 0.7, whereas a direct computation using 218 of the mean exit time formula (13) gives
where ε = L−2a L = 0.4. We conclude from our simulations 220 that the coarse-grained diffusion is classical and the effective 221 diffusion coefficient D a /D 0 = τ 0 /τ a decreases nonlinearly as 222 a function of the radius a, as given by the uniform formula 223 (13) . We recover the three regimes of Eq. (13) [ Fig. 2(c) ]: 224 a noncrowded regime for a < 0.2L, where the effective 225 diffusion coefficient does not show any significant decrease, a 226 region 0.2L < a < 0.4L, where the leading order term of the 227 effective diffusion coefficient is logarithmic, and for a > 0.4L 228 the effective diffusion coefficient decays as 
VI. SUMMARY
245
The local geometry of the exit route of a Brownian particle 246 through a small portion of the boundary of a planar domain 247 has profound influence on the mean escape time. We have 248 found here that the NET through a funnel, a problem hitherto 249 unsolved, increases as the power law ε −1/2 that was not 250 observed in any of the planar geometries studied so far. This
indicates that the singularity of Green's function for the mixed 252 Neumann-Dirichlet boundary value problem for the Laplace 253 equation depends strongly on the narrow opening on the 254 geometric properties of the boundary there. A similar behavior 255 is observed in three dimensions as well.
256
The application of the new law to the coarse-graining 257 of Brownian motion in a domain crowded by a lattice of 258 circular obstacles, first, by a random walk on the lattice 259 and then by an effective diffusion, shows that the effective 260 diffusion coefficient varies nonlinearly with obstacle density. 261 A small increase in the concentration of obstacles at very 262 large crowding leads to a sharp decrease of the effective 263 diffusion coefficient. We note that the coarse-graining is valid 264 on a time scale much longer than the NET, so no anomalous 265 effects are observed on this scale. The present approach can 266 be applied to the three-dimensional cytoplasm crowded by 267 parallel cylindrical obstacles. The case of other geometries is 268 yet to be done. 
